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Graph Isomorphism

Graph Isomorphism: Given graphs G,H, decide whether G ∼= H.

Here a graph G = (V,E) is a set of vertices V with a irreflexive,
symmetric relation E ⊆ V × V .

G ∼= H if there is a bijection h : V (G)→ V (H) such that (u, v) ∈ E(G)
if, and only if, (h(u), h(v)) ∈ E(H)

The graph isomorphism problem has an unusual status in terms of
computational complexity
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Complexity of Graph Isomorphism

The graph isomorphism problem is

• not known to be in P;

There is no known algorithm that decides G ∼= H and performs a
number of steps that is bounded by a polynomial in the number
of vertices of G.

• in NP:
There is an algorithm that given G, H and a function h, will
determine whether h is an isomorphism, and the algorithm only
requires polynomially many steps.

• not expected to be NP-complete.

In particular, we know that the problem is in quasi-polynomial
time. That is O(2(log n)c) for some constant c.

In practice and on average, graph isomorphism is efficiently decidable.
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Orbit Partition

The following problem, which we call the orbit partition problem is easily
seen to be computationally equivalent to graph isomorphism:

Given a graph G and a pair of vertices u and v, decide if there
is an automorphism of G that takes u to v.

That is to say, there is a polynomial-time reduction from the graph
isomorphism problem to the orbit partition problem and vice versa.

Anuj Dawar June 2019



Reducing Orbit Partition to Isomorphism

Given a graph G and two vertices u, v ∈ V (G), we construct a pair of
graphs which are isomorphic if, and only if, some automorphism of G
takes u to v.

u

G

v

G

p
p

where p is a simple path longer than any simple path in G.
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Reducing Isomorphism to Orbit Partition

Conversely, given two graphs G and H, we construct a graph with two
distinguished vertices u, v which are in the same orbit iff G ∼= H.

G H

u v
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Tractable Approximations of Isomorphism

A tractable approximation of graph isomorphism is a polynomial-time
decidable equivalence ≡ on graphs such that:

G ∼= H ⇒ G ≡ H.

Practical algorithms for testing graph isomorphism typically decide such
an approximation.

If this fails to distinguish a pair of graphs G and H, more discriminating
tests are deployed.

A complete isomorphism test might consist of a family of ever tighter
approximations of isomorphism.
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Equivalence Relations

The algorithms we study decide equivalence relations on vertices (or
tuples of vertices) that approximate the orbits of the automorphism
group.

(G, u) ∼= (G, v) ⇒ u ≡ v

For such an equivalence relation, there is a corresponding equivalence
relation on graphs that approximates isomorphism.

We abuse notation and use the same notation ≡ for the equivalence
relation on vertices, on tuples of vertices and on graphs.
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Colour Refinement

Define, on a graph G = (V,E), a series of equivalence relations:

≡0 ⊇ ≡1 ⊇ · · · ⊇ ≡i · · ·

where u ≡i+1 v if they have the same number of neighbours in each
≡i-equivalence class.

≡i

≡i+1u v

vu
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Equitable Partitions

The colour refinement or 1-dim-Weisfeiler-Leman refinement yields, for
each graph G = (V,E) a partition

P1, . . . , Pm

of V along with constants

cij : i, j ∈ {1, . . . ,m}

so that each u ∈ Pi has exactly cij neighbours in Pj .

Indeed, it gives the coarsest such partition, obtained by succesive
refinement of equivalence relations:

∼0 ⊇ ∼1 ⊇ · · · ⊇ ∼n
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Weisfeiler-Leman

The 2-dimensional or classical Weisfeiler-Leman refinement yields for
each graph G = (V,E) a partition

P1, . . . , Pm

of V × V along with constants

cji1i2 : i1, i2, j ∈ {1, . . . ,m}

so that for each (u, v) ∈ Pj there are exactly cji1i2 vertices w such that

1. (w, v) ∈ Pi1 ; and

2. (u,w) ∈ Pi2 .

Indeed, it gives the coarsest such partition that refines the partition into
diagonal, edges and non-edges.
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Weisfeiler-Leman

The k-dimensional or classical Weisfeiler-Leman refinement yields for
each graph G = (V,E) a partition

P1, . . . , Pm

of V k along with constants

cji1,...,ik : i1, . . . , ik, j ∈ {1, . . . ,m}

so that for each (v1, . . . , vk) ∈ Pj there are exactly cji1,...,ik vertices w
such that

1. (w, v2, . . . , vk) ∈ Pi1 ;

2. (v1, w, . . . , vk) ∈ Pi2 ;

3. · · ·
k. (v1, v2, . . . , w) ∈ Pik .
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Weisfeiler-Leman Equivalences

The k-dimensional Weisfeiler-Leman equivalence relation is an
overapproximation of the isomorphism relation.

If G,H are n-vertex graphs and k < n, we have:

G ∼= H ⇔ G ≡n H ⇒ G ≡k+1 H ⇒ G ≡k H.

G ≡k H is decidable in time nO(k).

It has many equivalent characterisations arising from

• combinatorics (Babai)

• logic (Immerman-Lander)

• games (Hella)

• algebra (Weisfeiler; Holm)

• linear optimization (Atserias-Maneva; Malkin)
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Restricted Graph Classes

If we restrict the class of graphs we consider, ≡k may coincide with
isomorphism.

1. On trees, isomorphism is the same as ≡2.
(Immerman and Lander 1990).

2. There is a k such that on the class of planar graphs isomorphism is
the same as ≡k. (Grohe 1998).

3. There is a k′ such that on the class of graphs of treewidth at most
k, isomorphism is the same as ≡k′ . (Grohe and Mariño 1999).

4. For any proper minor-closed class of graphs, C, there is a k such
that isomorphism is the same as ≡k. (Grohe 2010).

These results emerged in the course of establishing logical
characterizations of polynomial-time computability.
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Infinite Hierarchy

There is no fixed k for which ≡k coincides with isomorphism.
(Cai, Fürer, Immerman 1992).

They give a construction of a sequence of pairs of graphs Gk, Hk(k ∈ ω)
such that for all k:

• Gk 6∼= Hk

• Gk ≡k Hk.

The CFI graphs Gk and Hk can be distinguished by a reduction to the
solvability of linear equations over F2.
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Systems of Linear Equations

Start with a connected 3-regular graph G = (V,E) and a set S ⊆ V .

The system of equations X(G,S) has variables e0 and e1 for each edge
e ∈ E.

For each vertex v ∈ V with incident edges e, f, g the eight equations:

ei + fj + gk = (i + j + k)(+1 if v ∈ S) (mod 2)

X(G,S) ∼= X(G,T ) if, and only if, |S| = |T | (mod 2)

If G is sufficiently richly connected, X(G,S) ≡k X(G,T ) for all S, T .
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Induced Partitions

In the definition of the Weisfeiler-Leman equivalences, we used a
partition P = P1, . . . , Pm of V k and a k-tuple v ∈ V k to induce a
partition of V indexed by [m]k.

{w | v[j/w] ∈ Pij}

Two tuples u and v are equivalent if, in the labelled partitions they
induce, the corresponding labelled parts have the same size.

The partition P is stable if two tuples are equivalent exactly when they
are in the same part.

The equivalence relation ≡k is given by the coarsest stable partition.
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Induced Partitions of V 2

The first strengthening we consider is to use the tuple (v ∈ V k to induce
a partition of V 2 indexed by [m]k(k−1).

For each of the k(k − 1) ways t of substituting (w1, w2) in v, we get a
part Pit .
The indexed sequence (it)t∈[m]k(k−1) is the label of (w1, w2).

Two tuples u and v are equivalent if, in the labelled partitions of V 2

they induce, the corresponding labelled parts have the same size.

The partition P is stable if two tuples are equivalent exactly when they
are in the same part.

This corresponding equivalence relation is essentially the same as ≡k (up
to an additive constant in k).
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Linear Algebraic Test

We can think of the partition of V 2 induced by v ∈ V k as a sequence

Mv
1 , . . . ,M

v
s

(s = [m]k(k−1)) of matrices in {0, 1, }V×V .

Say two tuples u and v are F-equivalent if there is an invertible matrix S
(over the field F) such that

SMu
i S
−1 = Mv

for all 1 ≤ i ≤ s.

The partition P is stable if two tuples are equivalent exactly when they
are in the same part.

The coarsest stable partition gives us an equivalence relation ≡k,1
IM,F.
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Invertible maps over F2

When F has characteristic 0, the equivalence relation ≡k,1
IM,F is essentially

the same as ≡k (up to a multiplicative constant in k).

≡3,1
IM,F2

can distinguish the Cai-Fürer-Immerman graphs.

Because we are dealiing with 0-1 matrices, the only thing that matters in
the choice of field is its characteristic.
So, we write ≡k,1

IM,p for characteristic p.

The relation ≡k,1
IM,p is decidable in time O(nk) using the module

isomorphism algorithm of (Chistov et al.).
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Induced Partitions of Higher Arity

Most generally, we have a partition P = P1, . . . , Pm of V k, and a tuple
v ∈ V K . Consider l with 1 < 2l < k.
This induces a labelled partition of V 2l by considering all the ways that a
2l-tuple w can be substituted into v.
The partition is labelled by I—the set of all injective maps from [2l] to
[k].

We think of this partition as a collection (Mv
t )t∈I of matrices in

{0, 1}V l×V l

.

We define equivalence of tuples and stability of the partition P as before.

The coarsest stable partition is ≡k,l
IM,p, and by taking the common

refinement of these for all suitable l, we get ≡k
IM,p.
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Characteristic Matters

For each characteristic p and each k we are able to construct a pair of
graphs Gp

k and Hp
k such that:

• Gp
k 6≡k

IM,p Hp
k ; in particular, the two graphs are not isomorphic; and

• Gp
k ≡k

IM,q Hp
k for all q 6= p.

For a set Ω of prime numbers, define ≡k
IM,Ω as the common refinement

of ≡k
IM,p for all p ∈ Ω.

For any Ω that does not include all prime numbers, there is no k such
that ≡k

IM,Ω is the same as isomorphism.
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Construction

The graphs Gp
k and Hp

k are constructed to:

• encode systems of equations (mod p);

• be highly connected, i.e. tree width large with respect to k;

• have an automorphism group that is an Abelian p-group; and

• be homogeneous: on each graph ≡3k yields the orbit partition.

We show that Gp
k ≡k

IM,q Hp
k for q 6= p, by establishing that, because of

homogeneity, ≡k
IM,q reduces to a system of linear equations over Fq.

Because the automorphism is an Abelian p-group, this yields a
semi-simple Fq-algebra, and solving the system reduces to simple
counting properties.
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Open Questions

Let Ωn be the set of all prime numbers ≤ n.

Can we establish non-trivial upper or lower bounds on the minimum value
of k for which ≡k

IM,Ωn
gives the orbit partition on all n-vertex graphs?

O(n) and Ω(1) are trivial.

A O((log n)c) upper bound would give a new quasi-polynomial algorithm
for graph isomorphism.

A non-constant lower bound would give fundamental new undefinability
results in finite model theory.
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