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Phase Transitions and Critical 
Phenomena: Classical Theories 

Phase transitions and critical phenomena are usual events associated with 
an enormous variety of physical systems (simple fluids and mixtures of flu
ids, magnetic materials, metallic alloys, ferroelectric materials, superfluids 
and superconductors, liquid crystals, etc.). The doctoral dissertation of van 
der Waals, published in 1873, contains the first successful theory to account 
for the "continuity of the liquid and gaseous states of matter," and remains 
an important instrument to analyze the critical behavior of fluid systems. 
The transition to ferromagnetism has also been explained, since the begin
ning of the twentieth century, by a phenomenological theory proposed by 
Pierre Curie, and developed by Pierre Weiss, which is closely related to the 
van der Waals theory. These classical theories of phase transitions are 
still used to describe qualitative aspects of phase transitions in all sorts of 
systems. 

The classical theories were subjected to a more serious process of anal
ysis in the 1960s, with the appearance of some techniques to carry out 
much more refined experiments in the neighborhood of the so-called crit
ical points. Several thermodynamic quantities (as the specific heat, the 
compressibility, and the magnetic susceptibility) present a quite peculiar 
behavior in the critical region, with asymptotic divergences that have been 
characterized by a collection of critical exponents. It was soon recognized 
that the critical behavior of equivalent thermodynamic quantities (as the 
compressibility of a fluid and the susceptibility of a ferromagnet) display a 
universal character, characterized by the same, well-defined, critical expo
nent. The classical theories for distinct systems also lead to the same set of 
(classical) critical exponents. In the 1960s, new experimental data, as well 
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as a number of theoretical calculations, indicated the existence of classes of 
critical universality, where just a few parameters (as the dimensionality of 
the systems under consideration) were sufficient to define a set of critical 
exponents, in general completely different from the set of classical values. 

In this chapter, we present some of the classical theories, which are em
braced by a very general phenomenology proposed by Landau in the 1930s. 
In the next chapter, we discuss some properties of the Ising model, includ
ing the exact calculation of the thermodynamic functions in one dimension, 
and the construction of an alternative model with long-range interactions. 
Owing to the universal character of critical phenomena, it becomes relevant 
to consider simplified but nontrivial statistical models, as the Ising model, 
with interactions involving many degrees of freedom. 

From the phenomenological point of view, theories of homogeneity (or 
scaling) have been proposed to replace the classical phenomenology of Lan
dau, without leading, however, to the determination of the critical expo
nents. Perturbative schemes, which are in general very useful to treat many
body systems, completely fail in the vicinity of critical points. Nowadays, it 
is known that this is directly related to the lack of a characteristic length at 
the critical point. Indeed, except at critical points, correlations between el
ements of a many-body system decay exponentially with distance. So, there 
is a well-defined correlation length, but it becomes larger and larger as the 
critical point is approached. At criticality, correlations decay much slower, 
with just a power law of distance, and no characteristic length. These ideas 
have been included in the renormalization-group theory, initially proposed 
by Kenneth Wilson in the 1970s, representing an advance of tremendous 
impact in this area. The renormalization-group theory offers a justification 
for the phenomenological scaling laws and explains the existence of the 
universality classes of critical behavior. There are many schemes to con
struct and improve the renormalization-group transformations, leading to 
(nonclassical) values of the critical exponents. 

12.1 Simple fluids. Van der Waals equation 

Consider the phase diagram of a simple fluid, in terms of thermodynamic 
fields, as pressure and temperature. In figure 12.1, solid lines indicate coex
istence of phases, with different densities but the same values of the ther
modynamic fields. If the system performs a thermodynamic path across a 
solid line, there will be a first-order transition, according to an old classifi
cation of Ehrenfest. At the triple point, Tt,Pt, there is a coexistence among 
three distinct phases, with different values of the thermodynamic densities 
(specific volume, entropy per mole). The triple point of pure water, located 
at Tt = 273.16 K, and Pt = 4.58 mmHg, is actually used as a standard to 
establish the Kelvin (absolute) scale of temperatures. The critical point, 
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FIGURE 12.1. Sketch of the phase diagram, in terms of pressure and temperature, 
for a simple fluid with a single component. The solid lines represent first-order 
transitions. At the triple point there is coexistence among three distinct phases. 

Tc,Pc, represents the terminus of a line of coexistence of phases (for pure 
water, the critical temperature is very high, of the order of 650 K; for ni
trogen or carbon monoxide, for example, it is considerably lower, below 
150 K). In a thermodynamic path along the coexistence curve between liq
uid and gas phases in the p - T phase diagram, as the critical point is 
approached, the difference between densities of liquid and gas decreases, 
and finally vanishes at the critical point, where both phases become iden
tical. The critical transition is then called continuous (or second order). 
In the neighborhood of the critical point, the anomalous behavior of some 
thermodynamic derivatives, as the compressibility and the specific heat, 
gives rise to a new "critical state" of matter. 

It may be more interesting to draw a p - v diagram, where v = V / N 
is specific volume (V is total volume, and N is total number of moles). In 
figure 12.2, there is a plateau, for T < Tc, which indicates the coexistence, 
at a given pressure, of a liquid phase (with specific volume vL) and a 
gaseous phase (with specific volume va ). As the temperature T increases, 
the difference 'ljJ = va - v L decreases, and finally vanishes at the critical 
point (we could as well have chosen 1/J as the difference between densities, 
PL- p0 , where p = 1/v). Above the critical temperature, the pressure is a 
well-behaved function of specific volume. 

Now we are prepared to introduce a critical exponent to characterize the 
asymptotic behavior of 'ljJ as T-> Tc, 

1/J rv B (Tc~ T)~' (12.1) 
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FIGURE 12.2. Isotherms for a simple fluid in the neighborhood of the critical 
point. The plateau indicates the coexistence between two distinct phases, with 
specific volumes v L and va. 

where the prefactor B and the critical temperature Tc do not have any 
universal character, but the exponent (3 is about 1/3 for all fluids (and for 
analogous quantities in other physical systems). Figure 12.3 represents the 
data collected by Guggenheim in 1945 for pj Pc (where Pc is the density at 
the critical point) versus T/Tc along the coexistence curve of eight distinct 
fluid systems. As pointed out by Guggenheim, these data are fitted to a 
cubic equation with "high relative accuracy." 

The coexistence, or first-order transition, line in the p- T diagram is 
described by the Clausius-Clapeyron equation, given by comparing the 
expressions of the Gibbs free energy per mole in both phases. For example, 
along the coexistence curve between liquid and gas phases, we have 

9G (T,p) = 9L (T,p), (12.2) 

where g is the Gibbs free energy per mole. Therefore, from the differential 
form 

dg = -sdT + vdp, (12.3) 

where sis the entropy per mole, we can write 

-sadT + vadp = -sLdT + vLdp, (12.4) 

from which we have the differential form of the Clausias-Clapeyron equa
tion, 

dp S£- sa 
= = dT V£-VG Tl:iv' 

L 
(12.5) 

where l:iv is the change of specific volume and L is the latent heat of 
transition. 



12.1 Simple fluids. Van der Waals equation 239 

1.00 

(·-·~ I 0.90 ~~ 
!::' 0.80 
I-

I 0.70 

0.60 

+ Ne 
eAr 
• Kr 
X Xe 

0.4 0.8 1.2 1.6 2.0 2.4 
--p/pc-

FIGURE 12.3. Experimental data collected by Guggenheim in 1945 for the co
existence curve of eight different fluids (densities and temperatures are divided 
by the respective critical values). Note the fitting to a cubic equation. 

The phenomenological model of van der Waals 
At sufficiently high temperatures, the behavior of a diluted fluid system 
may be described by Boyle's law, 

pv = RT, (12.6) 

where R is the universal gas constant. The first successful theory of the 
critical region, proposed by van der Waals, consists in the introduction of 
the following changes in Boyle's law, 

v-+ v- b, 
p-+ p+ afv2 , 

(12. 7) 

where b is an effective volume, supposed to account for the hard core of 
the repulsion interactions between molecules, and ajv2 is a correction term 
associated with the attractive part of the pair interactions. Therefore, the 
van der Waals equation is given by 

(P + va2 ) ( v - b) = RT. (12.8) 

In figure 12.4, we sketch a graph of p versus v for T < Tc. Instead of a flat 
plateau, as in the experimental data, there appear the so-called loops of van 
der Waals. Given the values of pressure and temperature, there may be up 
to three distinct values of v. Also, there is a thermodynamically unstable 
part of the curve, along which (8pf8v)r > 0. This drawback has been 
corrected by Maxwell, by introducing the equal-area (or double tangent) 
construction, as discussed below. Above Tc, the van der Waals isotherms 
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FIGURE 12.4. Sketch of a van der Waals isotherm for T < Tc. The hatched 
region corresponds to Maxwell's construction of equal areas. 

are one-to-one functions of p versus v, approaching the form of Boyle's law 
as the temperature increases. 

To obtain the critical parameters in terms of the phenomenological pa
rameters a and b, we write the van der Waals equation as a polynomial in 
v, 

3 ( RT) 2 a ab v - b + p v + pv - p = 0. (12.9) 

At the critical point (T = Tc; p = Pc), this polynomial has three distinct 
roots, and may be written as 

(12.10) 

Therefore, it is easy to see that 

Vc = 3b, 
8a a 

Tc = 27bR' and Pc = 27b2 . (12.11) 

We may also write the van der Waals equation as 

RT a 
p-----

- v- b v2 · 
(12.12) 

Thus, 

RT 2a 

(v- b)2 + v3 ' 
(12.13) 

from which we have 

( 8p) RT 2a R 
8v = - 4b2 + 27b3 = - 4b2 (T - Tc) . 

T;v=vc 
(12.14) 
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Above the critical temperature, with v = Vc, there is a divergent asymptotic 
behavior of the isothermal compressibility, 

KT = -~ (~;) T ~ C (Tc;: T) -7' {12.15) 

with the critical exponent 'Y = 1 (in disagreement with the experimen
tal results, which give 'Y between 1.2 and 1.4 for fluid systems). With 
an additional algebraic effort (and using the Maxwell construction), it is 
not difficult to obtain the following results: (i) the same exponent 'Y = 1 
still characterizes the divergent critical behavior of the compressibility for 
temperatures below Tc; (ii) the exponent (3 = 1/2 {in disagreement with 
the experimental result (3 ~ 1/3) characterizes the asymptotic behavior of 
'1/J = va-VL (equivalently, of'I/J = PL-Pa) along the coexistence curve; (iii) 
the specific heat at constant volume (at the critical volume) displays just 
a discontinuity (which may be associated with a critical exponent a= 0) 
across the critical temperature. 

From equation {12.12), and considering the pressure as a function ofT 
and v, we have 

_ (of) _ !!:!_ _!!:.. 
ov - v-b v2· (12.16) 

Therefore, the Helmholtz free energy per mole of the van de Waals model 
is given by 

a f (T, v) = -RTln (v- b)--+ !o (T), 
v 

{12.17) 

where fo (T) is a well-behaved function of temperature. The first term of 
this expression is a convex function of v, but the second term is concave. The 
equal-area Maxwell construction is designed to recover the full convexity of 
the Helmholtz free energy (see figure 12.5). As indicated in the figure, we 
draw the double tangent to the curve off versus v, and define the specific 
volumes V£ and va associated with the coexisting liquid and gas phases. 
Besides recovering the convexity of the Helmholtz free energy, the straight 
line between the points of tangency corresponds to the flat region in the 
p- v diagram (see figure 12.4). 

The Gibbs free energy per mol of the van der Waals model is obtained 
from the Legendre transformation 

g (T,p) =min{! (T, v) + pv}. 
v 

(12.18) 

We should be careful to take the Legendre transformation of the properly 
convex function f (T, v), duly corrected by the Maxwell construction. The 
graph of the concave function g (T, p) versus pressure, at sufficiently low 
temperatures, displays a kink at p = Pc, with distinct derivatives at right 
and at left, corresponding to the specific volumes of the coexisting phases. 
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FIGURE 12.5. Sketch of the Helmholtz free energy per mole as a function of spe
cific volume at a given temperature (below the critical temperature). Convexity 
of the curve is recovered by performing the double-tangent construction (which 
is equivalent to the equal-area construction of figure 12.4). 

Expansion of the van der Waals free energy 

To make contact with the Landau phenomenological theory of phase tran
sitions, it is convenient to define 

g (T,p; v) =I (T, v) + pv, (12.19) 

where the function I (T, v) is given by equation (12.17). Using the notation 
'1/J = v - Vc, we write an expansion about the critical volume Vc = 3b, 

00 

9 (T, p; V) = L 9n (T, P) '1/Jn, (12.20) 
n=O 

where 

a 
90 = -RTln(2b)- 3b + lo (T) + 3bp, (12.21) 

(12.22) 

1 (RT a ) a 
92 = b2 8- 27b = 27b3t, (12.23) 

(12.24) 
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1(RT a) a a 
94 = b4 4 . 24 - 35b = 1944b5 + 216b5 t, (12.25) 

and so on, with 

T- Tc d A p- Pc t = -T.-- an up=--. 
c Pc 

(12.26) 

At the critical point (t = 0; bop= 0), the coefficients 91, 92, and 93 vanish, 
but the coefficient 94 is positive. As 94 is positive, and as 'ljJ is supposed to be 
small in the critical region, we still guarantee the existence of a minimum 
even if this expansion is truncated at the fourth-order term. In order to 
analyze the critical region, it is then enough to write 

(12.27) 

As the coefficients 91, 92, and 93 vanish at the critical point, and as the 
choice of the order parameter 'ljJ is rather arbitrary, we can also make a 
shift of 'ljJ to eliminate the cubic term. If we write 

where 

'1/J' ='1/J-c, 

93 c---
- 494' 

we have the simplified expansion 

where 

and 

1 9293 1 9~ A1 = 91 - --- + --, 
2 94 8 9~ 

(12.28) 

(12.29) 

(12.30) 

(12.31) 

(12.32) 

(12.33) 

At the critical point (t = 0; bop = 0), it is clear that A1 = A2 = 0, with 
A4 > 0, and that 'ljJ -t '1/J' -t 0, in agreement with the idea that there is 
room for choosing different forms of the parameter 'ljJ to distinguish between 
the coexisting phases (as far as these choices lead to order parameters that 
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vanish at the critical point). To check that this is indeed the case, we note 
that 

(12.34) 

(12.35) 

and 

a 
A4 = 1944b5 + O (t). (12.36) 

As we shall see later, it is not difficult to find the minima of equation 
(12.30) in the neighborhood of the critical point. Indeed, we shall see that 
expansions (12.27) or (12.30) already indicate that the van der Waals model 
fits into the more general scheme proposed by Landau to analyze the critical 
behavior. 

In a simple fluid, critical points can only occur as isolated points in the 
T- p phase diagram (since we have to fix two different coefficients, which 
are functions of two independent variables, T and p). In the case of a fluid 
with two distinct components, for example, we have three thermodynamic 
degrees of freedom, which may give rise to a line of critical points in a 
three-dimensional phase diagram (in terms ofT- p- JL1 , for example). 

12.2 The simple uniaxial ferromagnet. The 
Curie-Weiss equation 

Owing to the higher symmetry, the analysis of the phase diagram of a 
simple ferromagnmet is much easier than the corresponding treatment of a 
simple fluid. The phase diagram in terms of the external applied magnetic 
field, H, and the temperature (the analog of the p - T phase diagram of 
simple fluids) is sketched in figure 12.6. 

Along the coexistence line (H = 0, T < Tc), the ferro-1 ("spin up") and 
ferro-2 ("spin down") ordered phases have the same magnetic free energy 
per ion, g (T, H = 0), and {spontaneous) magnetizations of the same in
tensity, but opposite signs (vis-a-vis the direction of the applied magnetic 
field). We then draw the graph of figure 12.7, where 1/J is the spontaneous 
magnetization and Tc is the Curie temperature. The spontaneous magne
tization vanishes above Tc. Although much more symmetric, it plays the 
same role as the difference va - v L (or p L - p0 ) for simple fluids. Thermo
dynamic quantities of this nature are called order parameters. For the 
uniaxial ferromagnet, the order parameter 1/J is associated with the breaking 
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FIGURE 12.6. Sketch of the applied field versus temperature phase diagram of a 
simple uniaxial ferromagnetic system. The coexistence region is given by H = 0 
with T < Tc. 

T 

FIGURE 12.7. Order parameter (spontaneous magnetization) as a function of 
temperature for a simple uniaxial ferromagnet. 



246 12. Phase Transitions and Critical Phenomena:Classical Theories 

H 

FIGURE 12.8. Sketch of the isotherms of a simple uniaxial ferromagnet (magne

tization versus applied field). 

of symmetry of the system; at H = 0, above Tc, there is a more symmetric 

phase, 'ljJ = 0; below Tc this symmetry is broken (since 'ljJ I- 0). 

Landau introduced the concept of order parameter and gave several 

examples: the spontaneous magnetization of a ferromagnet; the difference 

va- V£ along a coexistence curve of a fluid system; the difference between 

the densities of copper and zinc on a site of a crystalline lattice of the binary 

alloy of copper and zinc; the spontaneous polarization of a ferroelectric 

compound; the staggered magnetization of an antiferromagnet, etc. 

We now look in more detail at the properties of the simple uniaxial fer

romagnet. The typical m - H diagram, where m is magnetization (taking 

into account eventual corrections to eliminate demagnetization effects asso

ciated with the shape of the crystal), is given by the sketch of figure 12.8. 

The situation is much more symmetric (and, thus, much simpler) than 

the previous case of fluids. Let us take advantage of this simplicity (and 

of the more intuitive language of ferromagnetism) to define some critical 

exponents: 

(i) The order parameter associated with the transition behaves as 

'ljJ = m (T, H --t 0+) ,...., B ( -t)f3, (12.37) 

where T < Tc, and t = (T- Tc) /Tc. The prefactor B is not universal, 

but the exponent {3 is always close to 1/3, as in the case of fluids. Also, 

we could have defined 'ljJ from other quantities, such as m (T, H --t 0-) 
or the difference m (T, H --t 0+)- m (T, H --t 0-). We always use the 

sign ,...., to indicate an asymptotic behavior in the neighborhood of the 

critical point, along a well-determined thermodynamic path on the 

phase diagram. 

(ii) The magnetic susceptibility, 

x(T,H) = (~;)T, (12.38) 
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corresponds to the derivative of the order parameter with respect to 
the canonically conjugated thermodynamic field. Its critical behavior 
is given by 

(12.39) 

which leads to a critical exponent "(, whose values are between 1.2 
and 1.4, as in the case of fluids. To be more precise, we should refer 
to distinct exponents, 'Y above Tc and "(1 below Tc. This distinction, 
however, is usually irrelevant. 

(iii) The specific heat in zero field (that is, along a locus parallel to the co
existence curve of the phase diagram in terms of the thermodynamic 
fields) behaves as 

(12.40) 

with a positive, but very small, critical exponent a (which is thus 
compatible with a very weak divergence, maybe of a logarithmic char
acter). 

(iv) From the critical isotherm, 

(12.41) 

we define the exponent 8 ::::::: 3. 

The Curie- Weiss phenomenological theory 
Paramagnetism has been explained by Langevin on the basis of a classical 
model of localized and noninteracting magnetic moments. In the quantum 
version of Brillouin, with localized and noninteracting magnetic moments 
of spin 1/2 on the sites of a crystalline lattice, we describe paramagnetism 
with the spin Hamiltonian 

N 

H=-HLai, 
i=l 

(12.42) 

where ai = ±1 for all sites of the lattice and H is the external magnetic 
field in suitable units (in terms of the Bohr magneton and the gyromagnetic 
constant). The (dimensionless) magnetization is given by the equation of 
state 

(12.43) 
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which is analogous to the Boyle law for an ideal fluid. It is obvious that 
m = 0 for H = 0, without any possibility of explaining ferromagnetism. 
If we use the standard notation of statistical mechanics, f3 = 1/ (kBT), 
without any confusion with a critical exponent, the magnetic susceptibility 
is given by 

Thus, we have 

1 
x(T, H = 0) = Xo (T) = kBT' 

(12.44) 

(12.45) 

which is the expression of the well-known Curie law of paramagnetism (note 
that the Curie law is usually written as Xo = C /T, where the constant C 
is proportional to the square of the magnetic moment). 

To explain the occurrence of a spontaneous magnetization in ferromag
netic compounds, let us introduce the idea of an effective field (also known 
as molecular or mean field), as introduced by Pierre Weiss. In analogy 
with the phenomenological treatment of van der Waals for fluid systems, 
let us replace the external field H by the effective field 

Heff = H +>.m, (12.46) 

where m is the magnetization per spin and ).. is a parameter that expresses 
the (average) effect on a particular lattice site of the field produced by all 
neighboring spins. We then have the equation of state 

m =tanh (f3H + {3>.m), (12.47) 

known as the Curie-Weiss equation. For H = 0, it is easy to search for 
the solutions of this equation. Considering figure 12.9, we see that m = 0 
is always a solution. However, for {3>. > 1, that is, for 

).. 
T < Tc = kB' (12.48) 

there are two additional solutions, ±m f:. 0, with equal intensities but 
opposite signs. 

In the neighborhood of the critical point (T ~ Tc, H ~ 0), m is small, 
and we can expand equation (12.47), 

( ) -1 1 3 1 5 
{3 H + >.m =tanh m = m + 3m + 5m + .... (12.49) 

Now, we are able to deduce some asymptotic formulas in the neighborhood 
of the critical point: 
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FIGURE 12.9. Solutions of the Curie-Weiss equation in zero field. 

(i) To calculate the spontaneous magnetization (that is, the magnetiza
tion with H = 0), we write 

(12.50) 

Therefore, m2 ,....., -3t, from which we have 

m (T, H = 0),....., ±v'3 ( -t)1/ 2 . (12.51) 

The exponent (3 associated with the order parameter is 1/2, as in the 
van der Waals theory, but in open disagreement with the experimental 
data. 

(ii) To calculate the magnetic susceptibility, let us take the derivative of 
both sides of equation (12.49) with respect to the magnetic field, 

( 8H ) 2 4 (3 am +A =1+m +m + .... (12.52) 

For H = 0 and T > Tc, we have 

(12.53) 

Hence, 

( ) 1 -1 
Xo =X T, H = 0 ,....., kBTc t . (12.54) 

For H = 0 and T < Tc, we have 

(12.55) 
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Hence, 

1 ( )-1 
Xo ~ 2ksTc -t . (12.56) 

Therefore, "Y = 1, and C+/C- = 2, as in the van der Waals theory 
for a simple fluid. 

(iii) To obtain the critical isotherm, at T = Tc (that is, {3>.. = 1), we write 

1 3 
f3cH + m = m + 3m + .... 

We then have the asymptotic form 

H ~ ksTcm3 
3 ) 

(12.57) 

(12.58) 

from which 8 = 3, which is also the same value as calculated from 
the van der Waals theory. Later, we shall see that the specific heat 
at zero field is finite but displays a discontinuity at Tc. Therefore, it 
can be characterized by he critical exponent a = 0. 

Free energy of the Curie- Weiss theory 

As in the van der Waals model, we can write an expansion for the free 
energy in terms of the order parameter (owing to the symmetry of the 
ferromagnetic system, this expansion will be much simpler). From the di
mensionless magnetization, given by 

m = m (T, H) = - ( :~) T, (12.59) 

we write the magnetic Helmholtz free energy, 

f(T,m) = g(T,H) +mH, (12.60) 

where 

H= (Of) . om T 
(12.61) 

Therefore, if we write the Curie-Weiss equation (12.47) in the form 

1 -1 H = -tanh m - >..m {3 ) (12.62) 

we have 

(12.63) 
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where fo (T) is a well-behaved function of temperature. Expanding tanh- 1 m 
and integrating term by term, we have 

f (T, m) = fo (T) + 2~ (1 - {3>..) m 2 + ~ ( :2 m 4 + 3~ m6 + ... ) . 
(12.64) 

In contrast with the case of fluids, since there are only even powers of the 
order parameter, the problem is drastically simplified (although, of course, 
there are similar problems of convexity). From the magnetic Gibbs free 
energy per particle, 

g(T,H) = min{g(T,H;m)} =min{! (T,m)- mH}, 
m m 

{12.65) 

we obtain the (Landau) expansion for ferromagnetism, 

1 2 1 4 1 6 
g (T, H; m) = fo (T)- Hm + 2{3 {1- {3)..) m + 12{3m + 30{3m + · · · · 

{12.66) 

At the critical point, the coefficients of the linear and the quadratic terms 
should vanish, H = 0, and {3).. = 1, respectively, while the coefficient of the 
quartic term remains positive (to guarantee the existence of a minimum). 
For H = 0 and T > Tc, the minimum of g (T, H; m) is located at m = 0. 
For H = 0 and T < Tc, the solution m = 0 is a maximum. There are then 
two symmetric minima at ±m i= 0. It is not difficult to use this expansion 
to show that the specific heat in zero field remains finite, but exhibits a 
discontinuity, ~c = (3kB) /2, at the critical temperature. 

12.3 The Landau phenomenology 

The Landau theory of continuous phase transitions is based on the expan
sion of the free energy in terms of the invariants of the order parameter. 
The free energy is thus supposed to be an analytic functions even in the 
neighborhood of the critical point. 

In many cases, it is relatively easy to figure out a number of acceptable 
order parameters associated with a certain phase transition. The order 
parameter does not need to be a scalar (for more complex systems, it 
may be either a vector or even a tensor). In general, we have 'ljJ = 0 in 
the more symmetric phase (usually, in the high-temperature, disordered 
phase), and 'ljJ i= 0 in the less symmetric (ordered) phase. We may give 
several examples: (i) the liquid-gas transition, in which 'ljJ may be given 
either by va - V£ or by PL -Po (v is the specific volume and p is the 
particle density); (ii) the para-ferromagnetic transition, in which the order 
parameter 'ljJ may be the magnetization vector (but becomes a scalar for 
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uniaxial systems) in zero applied field; (iii) the antiferromagnetic transition, 
in which 'ljJ may be associated with the sublattice magnetization; (iv) the 
order-disorder transition in binary alloys of the type Cu - Zn, in which the 
order parameter may be chosen as the difference between the densities of 
atoms of either copper or zinc on the sites of one of the sublattices; (v) the 
structural transition in compounds as barium titanate, BaTi03 , in which 
'ljJ is associated with the displacement of a sublattice of ions with respect 
to the other sublattice; (vi) the superfluid transition in liquid helium, in 
which 'ljJ is associated with a complex wave function. In all these cases the 
free energy is expanded in terms of the invariants of the order parameter, 
which reflects the underlying symmetries of the physical system. 

For a pure fluid, as the order parameter is a scalar, we write the expansion 

9 (T,p; 'l/J) = 9o (T,p) + 9t (T,p) 'ljJ + 92 (T,p) 'lj;2 

+93 (T,p) 'l/J3 + 94 (T,p) 'l/J4 + ... , (12.67) 

where the coefficients 9n are functions of the thermodynamic fields (T and 
p). The van der Waals model is perfectly described by this phenomenology. 
Indeed, to account for the existence of a simple critical point, it is sufficient 
to have 94 positive (to guarantee the existence of a minimum with respect 
to 'lj;). We thus ignore higher-order terms in this Landau expansion. Also, 
as there is some freedom to choose 'lj;, it is always possible to eliminate the 
cubic term of this expansion. Thus, without any loss of generality, in the 
neighborhood of a simple critical point, we can write the expansion 

g (T,p;'l/J) = Ao (T,p) +At (T,p) 'ljJ + A2 (T,p) 'lj;2 + 'lj;4 , (12.68) 

which has already been written for the van der Waals fluid. To have a 
stable minimum, the coefficients At and A2 should vanish at the critical 
point. However, it is important to point out that even the existence of 
this expansion cannot be taken for granted (the exact solution of the two
dimensional Ising model provides a known counterexample). The deriva
tives of 9 (T,p; 'l/J) are given by 

89 3 
a'lj; = At + 2A2'l/J + 4'lj; = 0 (12.69) 

and 

(12.70) 

For At = 0, we have either 1/J = 0 or 'lj;2 = - A2/2. The solution 1/J = 0 
is stable for A2 > 0. With 1/J # 0, we have 829j8'1j;2 = -4A2, that is, the 
solution 1/J # 0 is stable for A2 < 0. 

For a uniaxial ferromagnet, the Landau expansion is much simpler. Ow
ing to symmetry, we can write the magnetic Helmholtz free energy 

f (T, m) = fo (T) +A (T) m2 + B (T) m4 + .... (12.71) 
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m 

FIGURE 12.10. Singular part of the Landau thermodynamic potential of a simple 
uniaxial ferromagnet as a function of magnetization. Below the critical temper
ature, the paramagnetic minimum becomes a maximum (and there appear two 
symmetric minima). 

Therefore, 

g (T, H; m) =fa (T)- Hm +A (T) m2 + B (T) m4 + .... (12.72) 

At the critical point, we have H = 0 and A (T) = 0. In the neighborhood 
of the critical point, we then write 

A (T) = a (T - Tc) , (12.73) 

with a > 0, B (T) = b > 0, and fo (T) ::::::: fo (Tc)· Therefore, we can write 

g(T, H; m) = fo (Tc)- Hm +a (T- Tc)m2 + bm4 . (12.74) 

For H = 0, with positive values of the constant a and b, we can draw the 
graphs sketched in figure 12.10, where gs = g- fo represents the "singular 
part" of the thermodynamic potential. Now it is easy to calculate a number 
of thermodynamic quantities to show that (3 = 1/2, 'Y = 1, C+fC_ = 

2, and 8 = 3, regardless of the particular features of the systems under 
consideration. It is also easy to show that the specific heat in zero field 
exhibits a discontinuity l!.c = a2Tc/2b at the critical temperature. In zero 
field, above Tc, the minimum of gs is a quadratic function of m (at the 
critical point, this minimum becomes a quartic function of m). 

The Landau expansion associated with more-general cases may lead to 
much more involved results (of experimental relevance). For example, in the 
case of certain fluids, the cubic term may not be eliminated from a simple 
shift of the linear term, which leads to a first-order transition, with the 
coexistence of distinct phases. If there are additional independent variables, 
and A4 may also vanish, we are forced to carry out the expansion to higher 
orders to be able to investigate the occurrence of multicritical phenomena 
(which are beyond the scope of this text). 
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It is interesting to note that the Landau free energy behaves according 
to a simple scaling form. Indeed, within the framework of the uniaxial 
ferromagnets, the singular part of the thermodynamic potential may be 
written as 

(12. 75) 

where t = (T- Tc) fTc, and the value of m comes from the equation 

- H + 2aTctm + 4bm3 = 0. (12.76) 

Using these two equations, it is not difficult to see that we can write 

(12. 77) 

with x = -1f2 andy= -3f4, for all values of .A. Therefore, with the choice 
_xxt = 1, we have 

9s (t,H) = t 2gs (1, t~2 ) = t2 F c~2 ). (12.78) 

Later, we shall see that the scaling phenomenological hypotheses, which 
are much less restrictive than the Landau theory, just require that 

9s (t,H) = t2-aF C!)' (12. 79) 

with exponents a and .6. = 8{3 to be determined from the experimental 
data. 

Exercises 

1. Show that the van der Waals equation may be written as 

4 (1 + t) 3 
7f- - -1, 

- 1 + ~w (1 + w) 2 

where 7f= (p- Pc) fpc, W = (v- Vc) fvc, and t = (T- Tc) fTc. 

Use this result to show that 

3 
7f = 4t- 6tw- 2w3 + 0 (w4 ,tw2 ), 

in the neighborhood of the critical point. 

From the van der Waals isotherms, including the Maxwell construc
tion, obtain the asymptotic form of the coexistence curve in the neigh
borhood of the critical point. In other words, use the equations 

3 3 
1r = 4t- 6tw1- 2w1, 
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and 

W2 J ( 4t- 6tw- ~w3) dw = 1r (w2- wi), 
Wi 

which represent the "equal-area construction," to obtain asymptotic 
expressions for WI, w2, and 1r, in terms oft for t---> 0-. You may use 
truncations up to the order WI, W2 rv t 1/ 2 . 

2. Use the results of the previous problem to show that the curve of 
coexistence and the "locus" of v = Vc for the van der Waals model 
meet tangentially at the critical point. 

3. Obtain the following asymptotic expressions for the isothermal com
pressibility of the van der Waals model: 

and 

where 

What are the values of the critical exponents and the critical prefac
tors of these quantities? 

4. Consider the Berthelot gas, given by the equation of state 

(P + T:2 ) (v- b)= RT. 

(a) Obtain the critical parameters, Vc, Tc, and Pc· 

(b) Obtain an expression for the Helmholtz free energy per mole, 
f (T, v), except for an arbitrary function of temperature. 

(c) The Gibbs free energy per mole may be written as 

g (T,p) =min {g (T,p; v)} =min {pv + f (T, v)}. 
v v 

Write an expansion for g (T, p; v) in terms of 'l/J = v - Vc. Check 
the critical conditions, and make a shift of 'l/J in order to eliminate 
the cubic term of the expansion. 



256 12. Phase Transitions and Critical Phenomena:Classical Theories 

(d) What is the asymptotic expression of the curve of coexistence 
of phases in the immediate vicinity of the critical point? 

(e) Use your results to obtain the critical exponents {3, "(, 8, and a. 

5. Consider the Curie-Weiss equation for ferromagnetism, 

m =tanh (f3H + {3>-..m). 

Obtain an asymptotic expression for the isothermal susceptibility, 
X (T, H), at T = Tc for H --t 0. Obtain asymptotic expressions for 
the spontaneous magnetization forT<< Tc (that is, forT --t 0) and 
T ~ Tc (that is, for t --t 0- ). 


