
3 
Overview of Classical 
Thermodynamics 

Thermodynamics is the branch of physics that organizes in a systematic 
way the empirical laws referring to the thermal behavior of macroscopic 
matter. In contrast to statistical mechanics, it does not require any as
sumptions about the underlying microscopic elements of the material bod
ies. Equilibrium thermodynamics, which is the subject of this chapter, offers 
a complete description of the thermal properties of physical systems whose 
macroscopic parameters are not changing with time. 

In this review of equilibrium thermodynamics, we assume that some basic 
notions, as the definitions of the macroscopic extensive parameters (energy, 
volume, and number of moles, for example, which are proportional to the 
size of the system) are well-known concepts. Also, we assume the validity 
of the "law of conservation of energy," and all of its consequences (heat is 
a form of energy that may be transformed into mechanical work). 

3.1 Postulates of equilibrium thermodynamics 

To state the postulates of equilibrium thermodynamics, let 'us define a 
simple system. The simple systems are macroscopically homogeneous, 
isotropic, chemically inert, without any charges, and sufficiently big. In 
this chapter we mainly consider a pure fluid, that is, a simple system with 
one single component and in the absence of external (electric, magnetic, 
or gravitational) fields. The thermodynamic (macroscopic) state of this 
pure fluid is fully characterized by a very small number of macroscopic 
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FIGURE 3.1. Composite thermodynamic system of three simple fluids separated 
by adiabatic, fixed, and impermeable walls. 

variables (additional variables may be easily introduced to describe a more
complicated physical system). 

First postulate: "The macroscopic state of a pure fluid is completely 
characterized by the internal energy U, the volume V, and the amount 
of matter (that may be given by the number of moles n)." To make the 
connection with statistical mechanics, instead of using the number of moles, 
we express the amount of matter by the total number N of particles. In 
the more general case of a fluid with r distinct components, we give the set 
{ Nj; j = 1, ... , r}, where Nj is the number of particles of the jth chemical 
component. 

A composite system is a set of simple systems that are separated by 
walls or constraints. The walls are ideal separations that may restrict the 
change of certain variables. Adiabatic walls do not allow the flux of energy 
in the form of heat (otherwise, the wall is diathermal). Fixed walls do not 
allow the change of volume. Impermeable walls do not allow the flux of 
particles (of either one or more components of a fluid). 

The postulates will provide an answer to the fundamental problem of 
equilibrium thermodynamics, which consists in the determination of the 
final state of equilibrium of a composite system if we remove some inter
nal constraints. For example, what is the final state of equilibrium if an 
adiabatic wall becomes diathermal? And if a fixed wall is allowed to move? 

Second postulate: "There is a function of the extensive parameters of a 
composite system, called entropy, S = S(Ut, Vt, Nt, U2, V2, N2, ... ), that is 
defined for all states of equilibrium. If we remove an internal constraint, in 
the new state of equilibrium the extensive parameters of the system assume 
a set of values that maximize the entropy." The entropy as a function of 
the extensive parameters is a fundamental equation of the system. It 
contains all the thermodynamic information about this system. 
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Third postulate: "The entropy of a composite system is additive over 
each one of the individual components. The entropy is a continuous, differ
entiable, and monotonically increasing function of the energy." 

According to this third postulate, for a composite system of two pure 
fluids, we can write 

Given S = S(U, V, N), from the third postulate we have (8Sf8U) > 0 
(we will see that this inequality is related to the assumption of a positive 
temperature). Therefore, we can invert the functional form of S to write 
U = U(S, V, N), which is also a fundamental equation, with the complete 
thermodynamic information about the system, and the same status of the 
entropy S = S(U, V, N). 

The additivity of entropy means that S = S(U, V, N) is a homogeneous 
function of first degree of all of its variables. For all values of .X, we then 
write 

S(.XU,.XV,.XN) = .XS(U, V,N). (3.2) 

In particular, making .X= 2, we see that, if we double energy, volume, and 
number of particles, the entropy will double too. Taking .X= 1/N, we have 

1 (u v ) NS(U,V,N)=S N'N'1 =s(u,v), (3.3) 

which leads to the definitions of the densities u = UjN, v = V/N, and 
s = SfN. 

Forth postulate: "The entropy vanishes in a state where (8U f8S)vN = 
0." We will later see that this is the statement of Nernst law, also called the 
"third law of thermodynamics." From this postulate, we shall see that the 
entropy vanishes at the absolute zero of temperature (although this may 
be violated by classical statistical mechanics!). 

3.2 Intensive parameters of thermodynamics 

In the energy representation the fundamental equation of a pure fluid is 
given by the relation U = U (S, V, N). Hence, we can write the differential 
form 

dU = (~~) dS + (~~) dV + (!~) dN, (3.4) 
V,N S,N S,V 
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which describes a thermodynamic or quasistatic process (that is, an in

finitesimal succession of equilibrium thermodynamic states). From a com

parison with the usual expression for the conservation of energy, 

f:lU = f:lQ + f:l W mechanical + f:l Wchemical 

(3.5) 
= TD..S- pl::l.V + J-Ll::l.N, 

we have the following definitions of the intensive parameters or thermo

dynamic fields, 

temperature: T _(au) . 
- 8S V,N' 

pressure: P _ (8U) . 
-- 8V SN' . (3.6) 

chemical potential: _ (8U) 
f-L- 8N S,V. 

The functions T = T (S, V, N), p = p (S, V, N), and J-L = J-L (S, V, N), are 

the equations of state in the energy representation. The knowledge of a 

single equation of state is not enough to obtain a fundamental equation. 

However, two equations of state are already enough, since T = T (S, V, N), 
p = p (S, V, N), and J-L = J-L (S, V, N), are homogeneous functions of zero 

degree of their variables [that is, T (>..S, >..V, >..N) = T (S, V, N), and so on]. 

Note that we are purposely using a complicated notation for the partial 
derivatives. We are making a point to keep the subscripts to indicate the 

variables that are supposed to remain fixed during a differentiation. This 

special care is particularly useful in thermodynamics, where it may be 

convenient to work with different representations, which are characterized 

by different sets of independent variables. 
In the entropy representation, we have 

( as) (as) ( as) 3 

dS = au dU + av dV + aN dN = LFkdXk, 
V,N U,N U,V k=l 

(3.7) 

where X1 = U, X2 = V, and X3 = N. Therefore, from equation (3.5), we 

have the equations of state in the entropy representation, 

F1 = (g~) 
V,N 

F2 = (g~) 
U,N 

1 
f' 

p 

f' 

(3.8) 

(3.9) 
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Fa = (:~) = -!f. (3.10) 
U,V 

As U (S, V, N) = Nu (s, v), we can write a differential form in terms of 
the densities, 

du= (~:t ds+ (~:)s dv=Tds-pdv, (3.11) 

since 

(au) =(au) = T 
aS V,N as v ' 

(3.12) 

Also, we can write 

1 p 
ds = y.du + y.dv. {3.13) 

For example, let us consider a classical monatomic gas, given by the 
equations of state pV = NksT (Boyle law) and U = (3/2) NksT (which 
means that the energy per particle is a function of temperature only, that 
is, the specific heat is a constant). These equations may be easily written 
in the entropic form, 

and 

..!_ = 3Nks ---t (as) = 3ks 
T 2U au v 2u. 

Integrating equations (3.14) and {3.15), we have 

s(u,v) = kslnv+ f(u) 

and 

(3.14) 

{3.15) 

{3.16) 

{3.17) 

where f(u) and g(v) are arbitrary functions of u and v, respectively. Com
paring these expressions, we finally have 

(3.18) 
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FIGURE 3.2. Composite system of two simple fluids separated by adiabatic, 
fixed, and impermeable walls. 

where cis a constant. Therefore, except for a constant, the classical entropy 
of the monatomic gas is given by 

( u v) 3 u v S (U, V, N) = Ns N' N = 2NkB InN+ NkB InN+ NkBc. (3.19) 

3.3 Equilibrium between two thermodynamic 
systems 

To give an example of thermal equilibrium, let us consider a closed 
composite system of two pure fluids. In the initial state, the fluids are 
separated by an adiabatic, fixed, and impermeable wall. Then, there is a 
change in one of the internal constraints. The separating wall remains fixed 
and impermeable, but becomes diathermal (see figure 3.2). After a certain 
time, the system reaches another state of thermodynamic equilibrium. This 
new state of equilibrium will be given by the maximization of the total 
entropy, 

(3.20) 

where V1, V2, N1, and N2 are fixed parameters, and 

Ut + U2 = Uo = constant, (3.21) 

where U0 is the total energy of the composite system (that remains fixed 
for the closed global system). Hence, we have 

(3.22) 

Therefore, in equilibrium, T1 = T2 , which corresponds to the intuitive 
expectations about the final equilibrium state of two systems in thermal 
contact. 
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We now look at the second derivative, 

(3.23) 

Using the equation of state for the inverse of the temperature, we write 

(3.24) 

As this second derivative is required to be negative, we have 

(7u) > 0 
V,N 

(3.25) 

for a pure fluid. Introducing the definition of the specific heat at constant 
volume, 

cv = ~ (~;) = ~ (~) ' 
V,N V,N 

(3.26) 

and taking the inverse of the derivative (aTjaU)v,N• we have 

( 8T) = au1 = _1_ > 0. 
au V,N (aT)V,N Ncv 

(3.27) 

Therefore, the maximization of entropy is directly related to a fundamen
tal property of thermal stability of matter. In a thermally stable system, 
the specific heat (proportional to the ratio between the quantity of heat 
injected into the system and the consequent change of temperature) cannot 
be negative. 

Consider again equation (3.23). We may rewrite the condition of stability 
in the form 

(a 1) (a2s) auT = au2 < O, 
V,N V,N 

(3.28) 

that is, the entropy should be a concave function of energy. At this point, 
it is interesting to make some considerations about convex (or concave) 
functions. A differentiable function f(x) is convex if the second derivative is 
positive for all values of x. If the second derivative is negative, the function 
is concave. For example, the function f(x) = exp (x) is convex, and the 
function f(x) = lnx is concave. Indeed, we could have used a more-general 
definition, to include nondifferentiable functions, at least at a few points 
(as it may be the case for thermodynamic functions at a phase transition). 
We shall see that, to guarantee the thermal and mechanical stability of a 
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physical system, the density of entropy, s = s(u, v), has to be a concave 
function of both independent variables, u and v. On the other hand, the 
density of energy, u = u(s, v), is required to be a convex function of the 
independent variables s and v. 

Now we give an example of thermal and mechanical equilibrium. Consider 
the same problem as before, but with a separating wall that may become 
diathermal and free to move after a certain initial time. The global entropy 
is still given by equation (3.20), 

where N1 and N2 are still fixed parameters, but 

U1 + U2 = Uo = constant 

and 

V1 + V2 = Vo =constant, 

(3.29) 

(3.30) 

(3.31) 

where Vo is the (fixed) volume of the closed composite system. In the new 
equilibrium state, we have 

and 

as _ as1 as2 _ P1 P2 _ 0 
av1 - av1 - av2 - T1 - T 2 - · 

(3.32) 

(3.33) 

From these equations, we have the intuitive conditions for thermal and 
mechanical equilibrium, 

T1 = T2, and Pl = P2, (3.34) 

that is, an equalization of temperatures and pressures. To proceed with 
the analysis, we have to consider the second derivatives of entropy with 
respect to energy and volume. As the number of moles is fixed, it is enough 
to analyze the sign of the quadratic form 

.72 182s 2 82s 182s 2 
a-s= 2 8u2 (du) + auav dudv + 2 8v2 (dv) (3.35) 

If the entropy function, s = s(u, v), is concave with respect to both inde
pendent variables, u and v, this quadratic form is always negative. However, 
as it demands a bit of algebraic manipulations with partial derivatives, we 
will not show the concavity of entropy at this point. We remark that the 
conditions for thermal and mechanical stability are related to the positive 
signs of the specific heats and the compressibility of a pure fluid [the second 
derivative (8pj8v)r is always negative for all physical systems!]. 
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3.4 The Euler and Gibbs-Duhem relations 

We have already seen that the additivity may be expressed in the form 

U (>.S, >. V, >.N) = >.U (S, V, N) . (3.36) 

Taking the derivative of both sides with respect to >., we have 

au (>.S, >.V, >.N) S au (>.S, >.V, >.N) V au (>.S, >.V, >.N) N = U (S V N) 
a (>.S) + a(>. V) + a (>.N) ' ' 

(3.37) 

For>.= 1, we obtain the Euler equation of thermodynamics, 

TS- pV +f.lN = U. (3.38) 

From the differential form of this relation, we have 

TdS+SdT-pdV- Vdp+f.ldN +Ndf.l =dU, (3.39) 

that is, 

SdT- Vdp+ Ndf.l = 0, (3.40) 

which can also be written as 

df.l = vdp - sdT, (3.41) 

which is known as the Gibbs-Duhem relation. From this differential 
form we see that the chemical potential as a function of temperature and 
pressure is a fundamental equation of the pure fluid. On the other hand, 
the densities v and s, as a function of temperature and pressure, are just 
equations of state. 

3.5 Thermodynamic derivatives of physical interest 

The relatively easy experimental access to some thermodynamic derivatives 
makes them particularly interesting. In many cases, it is convenient to 
express the thermodynamic quantities under consideration in terms of these 
derivatives, whose values for different compounds may be given in tables 
of thermodynamic data. 

For a pure fluid, the following derivatives are of special interest: 

(a) The coefficient of thermal expansion, 

a- lim ..!._ (~v) - ..!._ (av) 
- ~T-+0 V ~T p,N - V 8T p,N ' 

(3.42) 

that measures the relative thermal expansion of the volume of a sys
tem at constant pressure. 
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(b) The isothermal compressibility, 

(3.43) 

that measures the relative change of volume with increasing pressure 
at fixed temperature. It may also be interesting to measure the adia
batic compressibility, Ks, that is defined at fixed entropy (instead of 
constant temperature). 

(c) The specific heat at constant pressure, 

_ lim _!_ (b.Q) _ T (as) 
Cp - .:lT--+0 N b.T p,N - N aT p,N ' 

(3.44) 

that corresponds to an experiment where we measure the ratio be
tween the injected heat, into a closed system under constant pressure, 
and the consequent change of temperature. 

(d) The specific heat at constant volume, 

cv = lim _!_ (b.Q) = T (as) 
.:lT--+0 N b.T VN N aT VN. 

' ' 

(3.45) 

To guarantee thermal stability, we must have ep, cv ~ 0. Mechanical 
stability will be guaranteed by KT, Ks ~ 0 (note the sign in the definition 
of the compressibility). On the other hand, the coefficient a does not have 
a well-defined sign (the phenomenon of volume contraction of water with 
increasing temperature in the neighborhood of 4°C is a standard example 
of negative a). From a well-known relation for fluids (it will be proved 
later), 

we can see that Cp ~ cv. 

TVa2 
cp=cv+-N , 

KT 
(3.46) 

It should be noted that a, KT, and cp are functions of the variables T, 
p, and N. For fluid systems, there are no doubts that these variables are 
much more practical and convenient than S, V, and N. This suggests the 
usefulness of constructing alternative representations of thermodynamics, 
as it will be done in the following section by using the formalism of the 
Legendre transformations. 

3.6 Thermodynamic potentials 

Instead of working either in the energy representation, where S, V, and N 
are the independent variables, or in the entropy representation, where U, 
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y 

y 

tan 9=p 

X X 

FIGURE 3.3. Legendre transformation of the function y = y (x). We indicate the 
slope pat the point (x, y) and the intersection 'ljJ (p) between the tangent line and 
they axis. 

V, and N are independent, it may be much more convenient to work with 
independent variables of easier experimental access, such as temperature 
T or pressure p (note that the temperature T, for example, is a partial 
derivative of U with respect to 8). To deal with this problem, let us consider 
a function y = y(x), with derivative p = dyjdx. We wish to find another 
function, of the form 1/J = 1/J (p), that is equivalent toy = y(x). This may 
be achieved by a Legendre transformation. 

A function y = y(x) may be constructed from a table of pairs of values 
(y, x). Let us consider whether a table of pairs (y,p) is also useful to define 
this function. Each pair of this type corresponds to a family of straight 
lines on the x - y plane, so that there is no chance of defining the function 
y = y(x). Indeed, the relation y = y(p), that can be written in the form y = 
y(dyjdx), is just a differential equation, whose solution is given except for 
an additive constant. However, we may construct a different table, involving 
the value of the slope (p) and the intersection with the y axis (which will 
be called 1/J) of the straight line tangent to the curve y = y(x) at the point 
x. See, for example, the graph of figure 3.3. We then construct a family of 
tangents to the curve y = y(x). For a function with a well-defined convexity, 
as the fundamental equations of thermodynamics, the "convex envelope" of 
the curve y = y( x) will determine it completely. Looking at figure 3.3, the 
Legendre transformation of the function y = y(x) is given by the function 
1/J = 1/J(p), such that 

1/J = 1/J (p) = y (x) - px, (3.47) 

where the variable x is eliminated from the equation 

(3.48) 
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It should be noted that we can also use a more-general definition, including 
cases where the derivative p is not defined, 

'ljJ (p) = inf {y ( x) - px} , (3.49) 
X 

where inf means the smallest value of the relation y (x)- px with respect 
to x. 

Example 1 Legendre transformation of a quadratic function. 

Let us calculate the Legendre transformation of the function y = y(x) = 
ax2 + bx +c. Using equation (3.47), the Legendre transformation can be 
written as 

where 

Therefore, 

and 

'ljJ (p) = ax2 + bx + c - px, 

dy 
p=- =2ax+b. 

dx 

p-b 
x=--

2a 

1 b b2 
'1/J(p) = --p2 + -p- -. 

4a 2a 4a 

Note that if the function y(x) is convex, then the function 'ljJ (p) will be con
cave, and vice versa (that is, the Legendre transformation is an operation 
that reverses the convexity of a function). 

Example 2 Hamiltonian formulation of classical mechanics. 

In the Lagrangian formulation of classical mechanics, the Lagrange func
tion, given by £ = £ ( q, q, t), in terms of the independent variables q, q, and 
t, is a fundamental equation that contains all the mechanical information 
about the system. The generalized momentum is defined by the relation 

()£ 
p= oq. 

In the Hamiltonian formulation that contains the same physical informa
tion, the function of Hamilton is given by the Legendre transformation, 

-1i (q,p, t) = £ (q, q, t)- pq. 
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For a one-dimensional harmonic oscillator, we have 

Hence, 

where 

Therefore, 

1 ·2 1 2 £ = -mx - -kx. 
2 2 

-H = £- xpx, 

f)£ . 
Px =ax =mx. 

Now, let us define the Legendre transformations of the energy, U 
U ( S, V, N). Recalling that 

T = (~~) ; p =- (~~) ; J.L = (~~) ; (3.50) 
~N ~N ~V 

we have the following thermodynamic potentials: 

(i) The Helmholtz free energy, 

U [T] = F (T, V, N) = U - T S, 

where the variableS has been replaced by the temperature T. 

(ii) The enthalpy, 

U[p] =H(S,p,N) =U+pV, 

where the volume V has been replaced by the pressure p. 

(iii) The function 

U [J.L] =!I (S, V,J.L) = U- J.LN, 

where N has been replaced by the chemical potential J.L· 

(iv) The Gibbs free energy, 

(3.51) 

(3.52) 

(3.53) 

U [T,p] = G (T,p, N) = U- TS + pV, (3.54) 

where we have performed a double Legendre transformation, with 
respect to the variables Sand V. 
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(v) The grand thermodynamic potential, 

U [T,p,] = ~(T, V,p,) = U- TS -p,N, (3.55) 

where the transformation has been done with respect to the variables 
Sand N. 

(vi) The function 

U [p, p,] = h (S,p, p,) = U + pV -p,N, (3.56) 

which has no special name. 

Since U = U (S, V, N) is a homogeneous function of first degree of its vari
ables, taking the Legendre transformation with respect to all three variables 
leads to an identically null function, 

U[T,p,p,] =U-TS+pV-p,N=O, (3.57) 

which gives again the Euler relation of thermodynamics. Hence, we can 
also write 

G (T,p, N) = Np, = Np, (T,p), (3.58) 

which shows that the chemical potential as a function of temperature and 
pressure is the Gibbs free energy per particle, with the same status of a 
fundamental equation, as we have already seen from the Gibbs-Duhem 
relation. Furthermore, we have 

~(T, V,p,) = -Vp = -Vp(T,p,), (3.59) 

which means that the pressure (as a function of temperature and chemical 
potential) times the volume also leads to a fundamental equation in the 
representation of the grand thermodynamic potential. 

We can also build a set of analogous thermodynamic potentials from the 
Legendre transformations of the entropy function, S = S (U, V, N), with 
respect to its variables. These Massieu potentials are less well-known, and 
will not be considered here. 

3. 7 The Maxwell relations 

In the Helmholtz representation, the free energy is given by F = U - T S. 
Hence, we have the differential form 

dF = dU - TdS- SdT = -SdT- pdV + p,dN, (3.60) 
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where 

-S= (~;) ; -p= (~~) ; J-L= (;~) . V,N T,N T,V (3.61) 

Therefore, S = S (T, V, N), p = p (T, V, N), and J-L = J-L (T, V, N) are equa
tions of state in the representation of Helmholtz (note that the entropy 
is a fundamental equation for a fluid if it is expressed in terms of energy, 
volume, and number of particles, only). From equation (3.61), and taking 
the crossed derivatives, we have three Maxwell relations, 

(;~) T,N (:~)V,N j (3.62) 

-(:~)TV (;~)V,Nj (3.63) 

' 

- (:~ )T,V (:~)TN. (3.64) 

' 
In each representation of thermodynamics we obtain a set of Maxwell's 
relations. Although there is a mnemonic scheme (the diagrams of Born) 
to recall them, it may be easier to make the proper deductions for each 
case of interest. As it can be seen from the exercises, the Maxwell relations 
are very useful to connect thermodynamic quantities of interest that might 
otherwise seem completely unrelated. 

In the Gibbs representation, using the free energy G = U- TS + pV, we 
have 

dG = -SdT + V dp + p,dN. (3.65) 

Hence, 

-S = ( ~;) ; V = ( ~~) ; J-L = ( ;~) , p,N T,N T,p (3.66) 

from which we have some additional Maxwell relations, 

(3.67) 

(3.68) 

and 

(3.69) 
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Example 3 Ideal monatomic classical gas of particles. 

According to equation (3.19), in the entropy representation the funda
mental equation of the classical ideal monatomic gas is given by 

where c is a constant. In the energy representation, we have 

U=N(~) 21\xp[~(N~n -c)]· 
Hence, the Helmholtz free energy is given by 

F=U-TS=N (~) 213 exp [~ (N~n -c)] -TS, 

where the entropy S can be eliminated from the equation 

(au) 2 (N) 213 [2 ( s )] T = aS v.N = 3kn V exp 3 Nkn - c . 
' 

Therefore, we have 

In the Helmholtz representation, we can write the following equations of 
state: 

which is a well-known expression for the entropy of the classical gas, where 
the constant c may be found from the classical limit of the entropy of an 
ideal monatomic quantum gas; 

(ii) P = _ (aF) = knTN 
av r,N v 

which is the well-known Boyle law of a perfect gas; 

which indicates that the chemical potential increases monotonically with 
density p = N fV. 



3. 7 The Maxwell relations 55 

Example 4 *Concavity of the Gibbs free energy. 

We have already mentioned that the density of entropy, s = s (u, v), 
is a concave function of its variables. On the other hand, the density of 
energy, u = u ( s, v), is a convex function of the variables s and v. The 
Gibbs free energy per particle, g = g (T, p) = G / N, may be obtained from 
a double Legendre transformation of the density of energy, g = u-Ts+pv. 
Therefore, the density of Gibbs free energy should be a concave function 
of temperature and pressure. Indeed, we can show that the quadratic form 

2 1 ( 82g) 2 ( 82g ) 1 (82g) 2 d g = 2 8T2 (dT) + 8T8p dTdp + 2 8p2 (dp) 

is always negative. Since dg = -sdT + vdp, we have 

Hence, we write 

82g =-(as) = _.!_c < 0 
8T2 8T TP 

p 

and 

a29 (av) 8p2 = 8p T = -VKT < 0, 

where we used the definitions of the specific heat at constant pressure, ep, 
and of the isothermal compressibility, KT, respectively. We also have 

where we used the definition of the coefficient of thermal expansion. To 
show that the quadratic form ~g is always negative, and thus complete 
the proof that the density of Gibbs free energy is a concave function, it is 
not enough to obtain the signs of the second derivatives of g with respect 
to T and p. We still have to show that 

82g 82g- ( 82g )2 > 
8T2 8p2 8T8p - 0, 

where 
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To find the meaning of the term inside the square brackets [see equation 
(3.46)], let us obtain an expression for the specific heat at constant volume. 
The technique of Jacobians (see Appendix A.5) is particularly useful for 
this problem. Indeed, we can write 

1 
-cv = 
T 

o(s,v) 
8 (T,v) 

8 (s, v) 8 (T,p) 
o(T,p) a(T,v) 

Using one of Maxwell's relations in the Gibbs representation, we can also 
write 

Therefore, we have 

from which we write 

that is exactly the same expression that had been used before (see equation 
3.46). Hence, we finally have 

()2g ()2g ( ()2g )2 v 
ar2 op2 - arap = rKTcv ~ o, 

which completes the proof of the concavity of the Gibbs free energy. Fur
thermore, as (Tva2) / KT ~ 0, where the equality holds is some extreme 
cases, we also show that Cp ~ cv. 

3.8 Variational principles of thermodynamics 

The second postulate of thermodynamics establishes a variational principle 
that gives rise to several consequences. According to the postulate, upon the 
removal of an internal constraint, the extensive parameters assume a set of 
equilibrium values that maximize the entropy of a closed composite system. 
In other words, at fixed total energy, the entropy reaches a maximum value. 
As the entropy is a monotonically increasing function of energy (we are 
assuming positive temperatures!), we can show that, for total fixed entropy, 
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FIGURE 3.4. System with energy U and entropy S in contact with a thermal 
reservoir (with energy UR, entropy SR, and temperature T). The composite sys
tem is closed. 

the same equilibrium state corresponds to a minimum value of energy. This 
is an alternative formulation, in the energy representation, of the second 
postulate of thermodynamics. There is a famous problem of plane geometry 
that can also be expressed by alternative variational principles: Given a 
perimeter, the circle is the figure on the plane with maximum area; given 
an area, the circle is the planar geometric figure with minimum perimeter. 

We can use the second postulate to establish variational principles of 
usefulness in alternative representations of thermodynamics. For example, 
in the case of a system in contact with a heat reservoir (that is, at fixed 
temperature), the removal of an internal constraint leads to an equilibrium 
state where the Helmholtz free energy is minimum. In figure 3.4 we sketch 
a certain system, with energy U and entropy S, and a heat reservoir, with 
energy UR and entropy SR (at fixed temperature T). The composite system 
is closed, but there can be transport of energy, in the form of heat, between 
the system under consideration and the heat reservoir. Therefore, in the 
equilibrium state, we have 

(3.70) 

with 

(3.71) 

and 

(3.72) 

where Uo is a constant (total energy of the closed composite system) and 
all additional macroscopic parameters (volume, number of particles) that 
characterize the state of the reservoir are fixed. The heat reservoir is de
scribed by the equations 

(3.73) 
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since, by definition, the temperature T of a heat reservoir is a constant. 
From equation (3.70), we have dU =-dURand rflU = -rPUR. Therefore, 
using equations (3.73) and (3.71), we can write 

dU = -dUR = -TdSR = TdS 

and 

Using these equations, we have 

d (U- TS) = dU- TdS = 0 

and 

d2 (U- TS) = ~U- T~S = -T~S. 
However, as d2SR = 0, from equation (3.72), we have 

d2 (U- TS) = -Td2S > 0. 

(3.74) 

(3.75) 

(3.76) 

(3.77) 

(3.78) 

The Helmholtz free energy of this system, F = U - T S, is then a minimum 
in equilibrium. 

For a system in contact with heat (fixed temperature) and mechanical 
work (fixed pressure) reservoirs, we can show that the Gibbs free energy is 
minimized in equilibrium. At fixed pressure, as in several chemical reactions 
of interest, the enthalpy is minimized. At fixed temperature and chemical 
potential, the grand thermodynamic potential should assume a minimum 
value. 

Now it is important to make some comments about systems with addi
tional degrees of freedom. Although we have restricted most of the consid
erations to a pure fluid, all of the thermodynamic principles so far discussed 
can be generalized for more complex systems. We just introduce additional 
extensive variables in the definition of the entropy function (or the corre
sponding energy function). More convenient fundamental equations will be 
produced by the usual mechanism of the Legendre transformations. For ex
ample, in the case of a simple fluid with several components, the differential 
form in the energy representation is written as 

dU = TdS- pdV + LJLidNj, (3.79) 
j 

where Jlj is the chemical potential of the jth component. To describe a 
solid body in the presence of anisotropic tensions, the elements of the de
formation tensor play the role of the additional extensive variables. In the 
presence of electric or magnetic fields, we may introduce the (electric or 
magnetic) polarization as the additional extensive variable. In this case, 
there are alternative forms to establish the thermodynamic equations of 
the system, depending on the way of treating the energy associated with 
the field (we refer to this question in the exercises). 
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Exercises 

1. The chemical potential of a simple fluid of a single component is given 
by the expression 

where T is the temperature, p is the pressure, kB is the Boltzmann 
constant, and the functions J.L0 (T) and Po (T) are well behaved. Show 
that this system obeys Boyle's law, pV = NkBT. Obtain an expres
sion for the specific heat at constant pressure. What are the expres
sions for the thermal compressibility, the specific heat at constant 
volume, and the thermal expansion coefficient? Obtain the density of 
Helmholtz free energy, I= I (T, v). 

2. Consider a pure fluid of one component. Show that 

Use this result to show that the specific heat of an ideal gas does not 
depend on volume. Show that 

(aa) (8Kr) 
8p T,N = - 8T p,N . 

3. Consider a pure fluid characterized by the grand thermodynamic po
tential 

<P = Vlo (T)exp (k:T), 
where lo (T) is a well-behaved function. Write the equations of state 
in this thermodynamic representation. Obtain an expression for the 
internal energy as a function ofT, V, and N. Obtain an expression 
for the Helmholtz free energy of this system. Calculate the thermody
namic derivatives Kr and a as a function of temperature and pressure. 

4. Obtain an expression for the Helmholtz free energy per particle, I= 
I (T, v), of a pure system given by the equations of state 

3 
u=-pv and p=avr, 

2 

where a is a constant. 
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5. Obtain an expression for the Gibbs free energy per particle, g = 
g (T, p), for a pure system given by the fundamental equation 

( s ) 4 vu2 
N -c =a N3, 

where a and c are constants. 

6. Consider an elastic ribbon of length Lunder a tension f. In a quasi
static process, we can write 

dU = TdS + fdL + J.LdN. 

Suppose that the tension is increased very quickly, from f to f + !J.f, 
keeping the temperature T fixed. Obtain an expression for the change 
of entropy just after reaching equilibrium. What is the change of 
entropy per mole for an elastic ribbon that behaves according to the 
equation of state L/N = cf jT, where cis a constant? 

7. A magnetic compound behaves according to the Curie law, m = 
CHJT, where C is a constant, H is the applied magnetic field, m 
is the magnetization per particle (with corrections due to presumed 
surface effects), and T is temperature. In a quasi-static process, we 
have 

du = Tds + Hdm, 

where u = u (s, m) plays the role of an internal energy. For an in
finitesimal adiabatic process, show that we can write 

!J.T = CH !J.H, 
CHT 

where CH is the specific heat at constant magnetic field. 

8. From stability arguments, show that the enthalpy of a pure fluid is a 
convex function of entropy and a concave function of pressure. 

9. *Show that the entropy per mole of a pure fluid, s = s (u, v), is a 
concave function of its variables. Note that we have to analyze the 
sign of the quadratic form 

2 182s 2 82s 182s 2 
d s = 2 8u2 (du) + auav dudv + 2 8v2 (dv) . 


