Local convergence behaviour of the Newton method
Motivation
The Newton method is a second order method for the minimization of sufficiently smooth unconstrained objective functions, featuring in general a locally quadratic convergence speed. It is
known for centuries and together with its variants is of an enormous importance for optimization
[6]. For instance, Newton iterations are used as the elementary step in interior-point methods
for constrained convex optimization [10]. Quasi-Newton methods such as BFGS use an estimation of the Hessian of the objective based on first order information from previous iterations and
thus achieve an increased convergence speed with low memory requirements [1, 3, 4, 12]. Cubic
regularization of the method greatly improves its global convergence properties [9].
For the pure Newton method, given by the iteration
xk+1 = xk − (f 00 (xk ))−1 f 0 (xk ),

(1)

only local convergence results are available. If the starting point is sufficiently close to a nondegenerate minimum, f 00 (x∗ )  0, then the sequence of iterates will quadratically converge to the
minimizer x∗ , i.e., ||xk+1 − x∗ || ∼ ||xk − x∗ ||2 . Outside of this quadratic convergence region little
can be said about the behaviour of the method unless it is modified in some way.
Modifications which improve the global convergence behaviour can be made by adding regularization terms [7, 8, 9], decreasing the step-size, i.e., damping [11, 10], or confining the next
iterate [2]. The performance of the different modifications will also depend on the function class
to which they are applied.
Many of the modified methods feature a quadratic convergence speed if the iteration sequence
gets near a non-degenerate local minimum of the objective function. However, an explicit check
of whether the sequence of iterates has reached a quadratic convergence region of algorithm (1)
has been designed only for the class of self-concordant functions [10], with the aim to apply it to
interior-point methods for convex programming. We shall consider this class and the corresponding
quadratic convergence condition in more detail in the next section.
Here we shall consider the above problem of checking whether a quadratic convergence region
of algorithm (1) has been reached in application to other function classes. This will allow to
augment a generic modified Newton method with a switch to the pure Newton iteration if the
corresponding condition turns out to be validated. More precisely, we shall be concerned with the
following question.
For a given function class F, what are the conditions on the pair (f 0 (x), f 00 (x)) which ensure
that x is in the quadratic convergence region of algorithm (1) for every function f ∈ F?
This question has been investigated only for the class of self-concordant functions so far. We
shall consider also two other function classes, namely the projectively self-concordant functions
and functions with a Lipschitz-continuous Hessian. Below we explain these three cases in more
detail.

Quadratic convergence region for self-concordant functions
The class of self-concordant functions is naturally linked to the Newton method by its affine
invariance, and is hence well suited for minimization by this method. A standard reference on this
topic is [10].
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We consider the problem of minimizing a convex C 3 function f : D → R defined on a convex
domain D, with Hessian f 00 positive definite everywhere on D. Given an iterate xk ∈ D, the point
xk+1 given by (1) can be interpreted as the minimizer of the strictly convex second order Taylor
polynomial of f at xk ,
1
qk (x) = f (xk ) + hf 0 (xk ), x − xk i + (x − xk )T f 00 (xk )(x − xk ).
2

(2)

The Newton algorithm is affinely invariant, i.e., its output does not change when computed
in another coordinate system after an affine transformation. Therefore at xk there exists no
other natural norm than the Euclidean norm || · ||xk defined by the Hessian f 00 (xk ). In this norm
the level subsets {x | qk (x) ≤ c} are norm balls around the minimizer xk+1 of the second order
approximation qk (x). The current iterate lies at a distance
q
q
ρk = (xk+1 − xk )T f 00 (xk )(xk+1 − xk ) = f 0 (xk )T (f 00 (xk ))−1 f 0 (xk )
(3)
from the minimizer, which at the same time equals the norm of the gradient at the current iterate.
This quantity, called Newton decrement, can also be expressed through the difference between the
current function value and the minimum value of qk (x),
1
f (xk ) − qk (xk+1 ) = −hf 0 (xk ), xk+1 − xk i − (xk+1 − xk )T f 00 (xk )(xk+1 − xk )
2
ρ2
1 0
= f (xk )T (f 00 (xk ))−1 f 0 (xk ) = k .
2
2
The situation at each iterate is hence characterized solely by the scalar ρk .
In order to be able to make assertions about the behaviour of the Newton algorithm, we must
ensure that the norm defined by the Hessian f 00 does not change too much when passing from
the current iterate to the next. On the other hand, in an affinely invariant framework any such
changes can be compared only against the step length measured in the norm defined by the current
iterate. This leads to the following definition.
Definition 0.1. A convex C 3 function f : D → R on a convex domain D is called self-concordant
if it satisfies the inequality
|f 000 (x)[h, h, h]| ≤ 2(f 00 (x)[h, h])3/2
for all x ∈ D and all tangent vectors h.
It is called strongly self-concordant if in addition limx→∂D f (x) = +∞.
Here the derivatives of f are as above treated as multi-linear maps on the space of tangent
vectors, i.e.,
n
X
∂ 2 f (x)
f (x)[h, h] =
hi hj ,
∂xi ∂xj
00

000

f (x)[h, h, h] =

i,j=1

n
X
i,j,k=1

∂ 3 f (x)
hi hj hk ,
∂xi ∂xj ∂xk

where n is the dimension of the space. The exponent 23 on the right-hand side has been introduced
to obtain the same degree of homogeneity in h on both sides of the inequality.
If the current iterate is close to the minimum, i.e., if the Newton decrement ρk is small, then at
the next step the distance to the minimum should approximately square. This means that ρk+1 is
upper bounded by a quantity of order O(ρ2k ). In order to understand whether the current iterate
lies in the attraction basin of the minimum we need to quantity this upper bound on ρk+1 as a
function of ρk more precisely. We have the following result [10, Theorem 2.2.1].
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Lemma 0.2. For ρk < 1 the inequality ρk+1 ≤

ρ2k
(1−ρk )2

holds.

Corollary 0.3. The Newton √method converges from the initial point x0 if the Newton decrement
at this point satisfies ρ0 < 3−2 5 ≈ 0.3820.
Proof. It is easily seen that the relation in the corollary implies the relation ρk+1 < ρk .
The estimate in Lemma 0.2 is conservative. In one dimension we can easily calculate the
following tight upper bound on ρk+1 .
Lemma
0.4. If the domain D has dimension 1, then for 0 < ρk < 1 we have ρk+1 ≤ 4 − ρ2k −
q
4 1 − ρ2k and this bound is achieved.
Proof. We shall write the problem as an optimal control problem. By an affine change of the
independent scalar variable x we may achieve xk = 0, f 0 (xk ) = −ρk , f 00 (xk ) = 1, xk+1 = ρk .
|p(ρk )|
Define the state variables p = f 0 , h = f 00 . Then ρk+1 = √
, and the problem of finding an
h(ρk )

upper bound for ρk+1 can be written as
|p(ρk )|
max p
,
h(ρk )
under the controlled dynamics
p0 = h,

h0 = 2uh3/2 ,

u ∈ [−1, 1],

and with initial conditions
p(0) = −ρk , h(0) = 1.
This is a classical optimal control problem which can be solved by the Pontryagin maximum
principle. Introduce the variables φ, ψ, adjoint to p, h. Then the Pontryagin function is given by
H(p, h, φ, ψ, u) = φh + 2uψh3/2 ,
the optimal control is given by the maximizer u∗ = sgn ψ of H, and the adjoint variables satisfy
the system
√
∂H
∂H
φ0 = −
= 0, ψ 0 = −
= −φ − 3uψ h.
∂p
∂h
It follows that φ = const.
If at some point ψ = 0, then sgn ψ 0 = − sgn φ, and hence ψ can change its sign at most once.
We have two possibilities. Either first u = 1, and after the switch u = −1, or vice versa. In
both cases the system can be integrated explicitly, with the switching time x∗ ∈ [0, ρk ] being a
parameter. We have
(

1
1
,
x ≤ x∗ ,
,
x ≤ x∗ ,
−ρk − σ + σ−x
(1−σx)2
h(x)
=
p(x) =
2
1
1
−ρk − σ + σ−x
x ≥ x∗ ,
,
x ≥ x∗ .
∗ − σ−2x∗ +x ,
(σ−2x∗ +x)2
Here σ = ±1 depending on which control is applied first.
Maximizing the objective function over σ and x∗ yields the maximizer
r


1 − ρk
∗
(σ, x ) = 1, 1 −
1 + ρk
q
with objective value 4 − ρ2k − 4 1 − ρ2k . This proves our claim.
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Figure 1: Upper bounds on ρk+1

Corollary 0.5. If D is 1-dimensional, then the Newton algorithm converges with initial point x0
if the Newton decrement at this point satisfies ρ0 < ζ ≈ 0.7282, where ζ is the real root of the
polynomial ζ 3 + 2ζ 2 + 9ζ − 8.
p
Proof. The value of ζ is easily obtained from the relation 4 − ζ 2 − 4 1 − ζ 2 = ζ.
The upper bounds from Lemmas 0.2 and 0.4 are illustrated in Fig. 1. The exact upper bound
for general dimension must lie in between these two curves.
Problem 0.1. Find a tighter upper bound on ρk+1 in dependence on ρk .
The result is significant for the design of interior-point methods for solving constrained convex
optimization problems. Here the constrained problem is turned into an unconstrained one by
adding a smooth self-concordant barrier function to the linear objective. The weight of the barrier
in the composite objective is adjusted at each step such that the current iterate always stays in
the quadratic convergence region around the minimizer of the composite function. Increasing the
radius of the convergence region will allow to make larger steps by choosing a more aggressive
weight adjusting strategy. This in turn will lead to faster convergence to the optimum.

Quadratic convergence region for projectively self-concordant functions
The self-concordant functions as defined in [10] are not the only affinely invariant function class.
A class with an even larger symmetry group is that of projectively self-concordant functions [5].
Definition 0.6. Let D ⊂ Rn be a convex domain. A projectively self-concordant barrier on D
with parameter γ ≥ 0 is a C 3 function f : D → R satisfying
• f 00 (x) − f 0 (x) ⊗ f 0 (x)  0 for all x ∈ D,
• limx→∂D f (x) = +∞,
• |f 000 (x)[u, u, u] − 6f 00 (x)[u, u]f 0 (x)[u] + 4(f 0 (x)[u])3 | ≤ 2γ(f 00 (x)[u, u] − (f 0 (x)[u])2 )3/2 for all
x ∈ D, u ∈ Tx D.
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Since the projectively self-concordant function will be used in a composite objective together
with a linear function, the minimum x∗ will be characterized by the relation f 0 (x∗ ) = c for some
fixed vector c. We shall solve this system of equations by a Newton-type algorithm.
Recall that the iteration step (1) can be reformulated by minimizing the quadratic approximation (2) around the current iterate xk and taking the minimizer as the next iterate. In our setting,
however, it is unnatural to consider the second order Taylor polynomial around xk , because this
function is not projectively self-concordant. We shall rather replace the Taylor polynomial by the
function qk satisfying the condition
qk000 (x)[u, u, u] − 6qk00 (x)[u, u]qk0 (x)[u] + 4(qk0 (x)[u])3 = 0

(4)

for all x ∈ Dk and u ∈ Tx Dk with initial conditions qk0 (xk ) = f 0 (xk ), qk00 (xk ) = f 00 (xk ). Here Dk
is the domain of definition of qk . The next iterate xk+1 will then be the solution of the system of
equations qk0 (x) = c. Both qk and xk+1 can be computed explicitly, because the general solution
of (4) is of the form q(x) = − 21 log Q(x), with Q a quadratic function.
Problem 0.2. Express xk+1 explicitly as a function of xk , f 0 (xk ), f 00 (xk ). Find conditions on the
pair (f 0 (x0 ), f 00 (x0 )) such that the iterative scheme outlined above with initial point x0 converges
to the solution of the system f 0 (x) = c.
From the results in [5] it is to be expected that the convergence region will be larger than in
the (affinely) self-concordant case from the previous section. Algorithms based on this class of
functions are hence expected to be faster.

Quadratic convergence region for functions with Lipschitz-continuous Hessian
In this section we shall consider the Newton method on the class of functions with Lipschitzcontinuous Hessian. For minimization of functions in this class Y.E. Nesterov and B.T. Polyak
proposed to use a Newton method with cubic regularization. In [9, Theorem 3] it is shown that
this modification is quadratically convergent near a non-degenerate local minimum. However, it is
reasonable to expect that switching to the pure Newton method at the final stages of the iterative
process is computationally less expensive and the convergence will be still faster. This motivates
the following problem:
Problem 0.3. Let L > 0 be a constant, and let F2,L be the class of C 2 functions with Lipschitzcontinuous Hessian, ||f 00 (x) − f 00 (y)|| ≤ L||x − y||. Find conditions on the pair (f 0 (x), f 00 (x))
ensuring that under the pure Newton iteration (1) the point x lies in the attraction basin of a local
non-degenerate minimum x∗ of f for every function f in the class F2,L .
By possibly multiplying f with a positive constant, which does not change the sequence of
Newton iterates, we may assume without loss of generality that L = 1.
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